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es of tidal and open channel hydraulics lead to the basic problem
lving systems of hyperbolic partial differential equations under
icated initial and boundary conditions. In practice these problems
ften so involved that they can only be solved with the aid of a

al computer, and for this purpose the equation systems are expressed
merical operators. Most existing operators, however, V?%Tise an

tive process to obtain more representative data, especially when
inear equations are concerned,and this suggests that the operator

f may as well be of an iterative type. Such an "Iterative operator”

the subject of the present paper.

terative operator uses known conditions at one time to determine
ximately the conditions at a later time, these approximate

tions then being averaged with the original conditions to determine
ter approximation. Such an operator has a complicated explicit

but may be generated from a very simple programme in the computer.

aper falls into two partée In the first part, a linear stability
'sis is employed to show that the Iterative operator -stability

ds upon the extent to which forward time differences are utilised
e iteration. If only these differences are utilised the operator
e stable, while it they are averaged, half and half, with the

rard time differences,the operator will be unstable. The equivalent

tor for two space dimensions is shown to have the save properties.

le second part of the paper, an analytically unstable operator for
limensional propagation is shown, experimentally, to behave in an
‘ently stable manner in two widely separated problems. The exper-
.al procedure is described in some detail. The more evidently

lble behaviour in two dimensions is also discussed, with special
‘ence to the North Sea problem. The growth of instability is
strated.

melusion the reasons for this apparent stabllity, or weak instabe-
r, are discussed and related to the possibility of transforming
unstable systems into-stable ones by "smoothing" or "damping"
ttors, such as properly correspond to convergence acceleration
1iques. Using these techniques the iterative operator may be

yyed very extensively.




JDUCTION

7ave propagation problems treated in the present paper relate
ifically to "long" water waves in which the motion of the fluid
ainly horizontal., Problems of this type arise in studies of tidal
s and storm surges, as well as in the design of canals for

zation and water supply. In most of these practical problems it
hen found that the boundary conditions take forms which cannot be
esented by simple functions, so that the process of classical
odynamics, whereby the governing hyperbolic equation systems are
ced to elliptic systems by the introduction of a condition of
odicity, cannot be followed. In these problems, therefore, the
rbolic equation systems have to be retained. These equations may
ritten for cne dimensional propagation (1), and two dimensional

agation (2), neglecting resistance, Coriolis and surface stress

S, as
Ju , udu an =
o % " ax ¢ Pax -0
(1)
# oY ~
INUITY a0, 20, (bt n)du = 0
3. 9x IX
du Ju u an
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o at dX oy 0x
ov v 3V an _ I
3t + ng + uax + SY:}V = (0 \2}
_— on an an ; du 3V
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INUITY Tt U Vgt (e ) (Bx * 5y 0

hese expressions, x and y are Cartesian space coordinates in the
zontal plane, t is the time coordinate, u and v are velocities in
x and y directions respectively, n is the elevation of the water
1 above its equilibrium level and h is the depth of water below
equilibrium level. The notation and the expressions themselves

ow directly from Lamb (Ref. u),

ost practical cases the equation systems are solved using a

tal computer. The instantaneous state of the fluid system is then
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sed to be described by a representative set of numbers,

jated with a set of equally grid points, while the transition
one instantaneous state to another is supposed to be simulated
transformation from one representative set to another, as

ted by the intercession of an operator (Ref. 2).

hen a numerical operator is used in practice, the state of the

em at one time, t, is usually first advanced tentatively to a

* time, t + A t, the tentative state at t + A t then being used

to provide more representative data such as convective velocities
‘riction coefficients for a second computation from t. This,

rer, introduces an iterative process into many practical wave
ttations, especially when the convective velocities are significant

juggests that the operator itself might then also be of an iterat-

YP€o
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TERATIVE OPERATOR

he purpose of illustrating the formation and behaviour of such
terative operator" we may consider the operator in its linear
. as applied to one dimensional propagation. The operator is

based on the linearised form of (1)

du an
5 T8 3% T 0
(3}
_on du  _
5 thax <O

7e may use these expressions to derive approximate values of the
variables at one time level (n+1)A t, from values at the

2e?ing time level, nAt, for, if we represent these approximate

+1
35 by (uin ), we have at once that:
+1 n s DT\ T1
(Y = uh o g(EDT at
i j B
(.M = 2T - nE?
J J ax "]

the expressions are supposed centred on a point jAx and wnfre

Cuo 13 (D

is the space derivative at that point at time nit.

first approximation we may represent the partial space

vatives by first differences to give:

Sn+ly n g (40t n n
(uj )y = uso- 3 v (“3+1 - ”szj (i)
a+d, h ,At. i
fni 3? = n? - 3 ﬂxzf (u2+1 = R?m1) {s)

e now use these trial values at j, n+l to derive a better

oximation for the fiow variables at the same point, which




n+?
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tbles we shall then call (u? ps (0

5s W find that:

Do = w3 - £ g0 A0GNT - G5 14b s (6)
= u? m=% (&%) {En?+? ~~% 7%% (u§+? - ug) 1 -

bty -5 (G0 (f -l )] (1)

INREVEE L IR ICON PR b PR ®)
= n; .- (%% {[ ?+3 w~% (%%? (,:+2 - n?)] -

R N ONCHER A (9)

sw take some average of the values of the flow variables over

: first two steps, representing these averase values by

! n+1 :
— 1 r S a
) 5 and (13 )132@ so that
. n+l \ n+1 ity
. e = (1=0) (u + :
(u )h? {1-0) (uJ )y +oelug ),
{10)
n+1 I'H"!‘ ; n+t,
. e = +
(0 s = (=0) (37w 6T,
: 6§ is a constant such that 13 6 3.0.
1en follows from equations L, 5, T, 9 and 10 that
1, n g,At n n gh At 2, n n n
m—— =y, = (== =N, + 9% (= L = 2Uu, + U.
)192 u 5055 (nay, ns_q) * O ( (uJ+2 2u; quQ?
. {11)
1 n h, At n noo gh, At \2, n ~ N n
[ L e el e A = 1i. + E—— o = 2n. + n.
)1,2 3 E(Ax) (“34-1 vig/ TOY e (J+9 3 '“‘3m2>

is the simplest type of iterative or€rator, being a linear
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itor with first derivatives replaced by first differences and

1 to only one iteration. With further iterations this operator
appear to become more complicated, but this is only so when

3 written out explicitly. As in operator in the computer it will
/s keep the simple form represented by equations (L) and (5) or,
are then effectively the same things, equations (6) and (8).

i1l be clear from this simple example that the Iterative operator
se easily extended to account for a convective velocity, as well
~iction and surface stress terms, with but little increase in
Lexity. This represents its main advantage over other types of

ator currently in use,

simple operator (11) serves to illustrate the process of forming
an operator in the machine., The situation is very similar if
splace the first space derivatives by second difference

yximaticnus (Ref, 3, p. 118) as follows™,

> attempting to improve spatial accuracy in this way we in fact
tain lower order time accuracy, at least for 6 # 1, Withe= 3
ar order time accuracy is obtained, but since for stability

0 (Ax), it must seem inconsistent to seek more accurate space
srences., These considerations, however, were only pointed out
ne author after the experimental work described later was
leted, and the description of the second difference form is

rdingly retained here as a background for the experimental study

Uy 1 n n n n
Lhyn - ul .. o= Bu. , + u.

(Bx)s 124% ( Yie2 * 8u3+1 8u3m? UJEE}
AL ! («n%  + 805, =807, +#1n7 )
ax’'j  12Ax j+2 J+1 J=1 j=2

eding as before, we then obtain the form of the operator after

iteration as
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n, these take much simpler forms as a prog

governing equations for two=dimensionsl wa
pressed as iterative operators, centred on

nAt, in much the same wayo

S+1 j=1

in a ¢

pagati

nt jAx

at
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JILITY ANALYSIS OF THE LINEAR ITERATIVE OPERATOR

the stability analysis of the operators given above we may employ
‘ocedure described by Richtmeyer (Ref. 5). In this procedure we

yse the Fourier series solutions of the finite difference equations,
‘h solutions we express, for one-dimensional propagation, in the

1%

n _ imjAx
e

ul = A €]

! _ (13)
n? = A gn e imjAx

J 2

or substituting (13) in (11) we obtain, after some simplification

’

+ °
£n = £2(1 - Gghag) + £2(- iga)
i 1 )
n+1 n o n )
£, = &1(m iha) + a2(1 - 8gha”)
At .
e a = (X;Q s1n mAx.

5 the amplification matrix, H, (Ref., %), is

1 = 6gha2 - 1ga
H = o {1h)
- iha 1 - 8gha”

latent roots, A , of this matrix are then given by

1
g
<
b=

f+
-
b
,:>4

A
(15)
re A

i

m
o

Q

row apply the so-called "von Neumann necessary condition for

511ity", whereby a necessary condition for stability is that

1TA1 & 1+ 0(At).




=9=
s yields as a condition for stability that

B 5 e,
result which is depicted graphically for 6 = 3 and 8 = 1 in fig. 1
is then clear that, with & = 1, the operator may be stable for

A >0, i.e. so long as

(%) S AR iee. At =X
4/gh

s the simple linear operator, with 6 = 1, remains stable so long
the domain of dependence of any point in the mesh as given by the
ference equations lies within the domain of dependence determined

the differential equation system. 6 = 3, on the other hand, repres
Ax
At
which the system will then be stable. In particular, for 6 = 3 it

lower limit of stability, so that there is no finite value of
ily shown that

y
A2 =1+ %_

that in this case A is always greater thasn unity.
. analysis of the system given in (12) follows the same lines as
t given above, and indeed leads to the sime result, (15), except

t in this case A is given by

A = gha?
h a == (Ax (8 sin jAx = sin 2jbx).

s, this second difference operator, with 8 = 1, will be stable so

g as

—
(bxy , 8.23 /gh

5 , approximatelys
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1ay be shown that all these conditions are also sufficient for
»>ility. The stability analysis of the iterative operator for two
:nsional propagation may be followed in the same way as described

re, to give an amplification matrix, H, of the form:

r (1 - Bgha? - 8ghp?) - iha - inB 1
I - iga 1 - Bgha? - BghaR (18)
L - igB = Bghaff 1 = Sgh82

e a= (AX) (sin jax) and B8 (Ay {sin jAy)

ve suppose that Ax = Ay = As, as is usual in such computations, we
i that for 6 = 3 the largest latent root of (18) is always greater
1 zerc . With 6 = 1 the.roots are

A =1

A= =(20 = 1) + i /2K

shaty the system being stable so long as

1Al <1,

necessary condition for stability is that

e
/2

At <=.._A=}x£

4/Ze

nay be shown that this condition is also sufficient for stability.
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EXPERIMENTAL STABILITY ANALYSIS

organisation of the experiments carried out in the present work
best be visualised in terms of a "parameter space”, RD’ this

1g the space formed by those parameters which may influence the
)»ility of a computation. Now the study of the linearised compu-
onal system suggests that the stability criteria will include
characteristic slopes and the ratios between the space and time
‘ements in the space=time grid., We may accordingly choose, as

re components of Rp, the characteristic slope, ¢, the space(inm
lent Ax and the time irrrement At. As a check on the consistency
‘he stability, the time range should also be introduced as a para=

'ry this implicitly introducing, with At, the number of computa-

1al steps.

rould also appear that further parameters appear in the initial
itions and in the conditions in the region of integration, in-
ing the boundary conditions, especially when non-linear equa-
i1s are concerned. These accessory condition parameters may be
‘oduced into the study by carrying out two sets of experiments
'idely different accessory conditions, that is to say, roughly
king, at "end points" in the appropriate Rp9 and noting the in=
mece of these conditions upon the overall stability conditions.
here is then no noticeable difference, these parameters may be

ected.

i1l be found convenient to define the base plane in Rr by the

meters At and @, the latter being a dimensionless number given

cAt

o= o ° This number is seen to be related to the spectral

us of the amplification matrix. Fig. 3 depicts this base plane

shows the stability limit as determined for the linearised

ator with € = 1, (See Appendix 11)
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THE EXPERIMENTAL ANALYSIS OF A DISTINCTLY NON-LINEAR SYSTEM

We shall first take as an example a problem where the non-11i
effects are very pronounced. Such an example is provided by
wave induced in a shallow canal by an efflux of water from o
its ends. We require independent solutions for the purvoses
comparison, and we take these from a computation using the w
established graphical method of characteristics. The nature
problem is completely described by the appropriate physical
hodograph characteristics, as shown in Fig. 4., In Fig. 5 th
following from this graphical solution are compared with tho
obtained using the iterative operator with 6 = 3 at small @.
then corresponds to establishing the btehaviour of the operat

point such as A i in RD, (Fig. 3).

1

We now proceed along a ray passing through A, .. We pass succ

11

ively through A Ahh’ and A 5 comparing results with

2% P339 5
established system at each point. If, now, we take the mean

deviation of our results from the reference results for seve
successive time intervals, and plot these in the parameter s
have a stability "picture" for the overator. A section throu

space along the line A is shovn in Fie., 6,

1" Pss
From Fig. 5 it has been found that whereas over one part of

AH - A55 the errors accumulate, over another part they mere

oscillate with but little indication o¢f accumulation. This s

is indicated for two time levels in Fig, 5,

So far we have only located the apparent stability limit at
discrete point in Rp: it is also necessary, however, to dete
the boundary of the stable region zlorg a distinct line or s
in Rna Accordingly the experiments described above have bee
repeated with @ held constant, i.e. along a line such as

A33 - A31 (Fig., 2). A comparison of the results thus obtaine
those given by the reference system irdicates that, once aga

deviations merely oscillate. The actual deviations are indic
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UHE EXPERIMENTAL ANALYSIS OF AL

AN

e above procedure has been repeated for the

antform

al

oo& tidal sea. In this case an analyiilc

~eference system, the actual case taken being

‘Ref. L p. 267).

The

depern

%
a cos (2X)

¢ (s
n = ol cos (ot
cos (==}
I
_ ) .
ind o= = . sin {ob

case of a

that

+
o
e

vhere a = amplitude of its external ti e
g = its freguency
o= owave oe
U = lenght of canal
= phase angle of the external tide,
a = amplitude of external tide.

ystem was also computed from the given

2 - 1
second=difference operator with 9 = 2, 4

stable range of the computation 1s shown
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CONCLUSIONS

By analysing the stability of the iterative overator, we have shown that
it may be used to provide stable solutions to wave propagation problems.
We have also indicated the advantages of this operator for wave

computations when such terms as convective velocity and friction need to

be taken into account.

Following convention, we have defined a number @ as the fraction of the
forward differences compMehended by the operator, and we have shown that
the optimum stability conditions are attained with © = 1. At the same
timewe have shown that, with © = 3, the operator is at the lower limit
of stability, so that for any finite value of %% it should give unstabl
results. In practice, however, we have shown that this operator , with

0 = %5 gives results of acceptable accuracy, at least for the vroblems
treated in the text, and we have accordingly described it as "sufficient
ly stable". We may assume, of course, that t'.is "sufficient" stability i
only attainable for the order of time ranges employed, and that if the
experiments described above had been vursued further, then, during the
course of time, instability would have become apparent. In this case,
however, the non-linear computations considered above would probably
have broken down anyvway, due to the intercescion of vertical accelerat-
ions with increasing wave steepness. Similarly, in the case of the
linear computations, there would not normall: be much point in pursuing
so many oscillations of the system that the tery small closing errors
could build up. Thus the operator with © = 3, if not actually stable in

the analytical sense, would avppear to be suflicilently stable for certain

practical purposess

In the two=dimensional problem treated in this study the instability was
too strong to justify an unmodified use of the operator, but in a work
of Uusitalo(Ref. T7) a very similar operator to that described has been
successfully emnloyed. In this latter work instability was encountered,
but overcone by use of "smoothing terms'". These correspond to well=

known convergence acceleration techniques.




«18=

bove results, and the existence of acceleration techniques,
ially adapted to iterative schemes, suggests that the commonly
ted sharp demarcation between stable and unstable schemes may
5> severe, and that in fact there exists a hinterland of
derable potential value. By the further study of such "almost=
e" schemes, and the means to make them entirely stable, this
rland could pass satisfactorily intc engineering computing

ice,
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NDIX

the purposes of comparing the different states of a system we

ose that the members of the system's representative subsets (in u

h, or -/gh) form a Fuclidean function space. We take a projection

. out of this space and into the space of one of the dependent variables
.h). Then the norm, the difference between any two states of the

em, may be measured by a distance € in this space, given by:

E =V2(x§-y%)
1

e the x, are the function space coordinates corresponding to one
e and the yi are tioo. - onding to the other state. We have

this norm in the present work when corctructing figure (6).

concept of a function space serves also to illustrate the difference
een the two fluid systems considered in the text. We then supvose
the motion of each system is followed by the motion of iis
esentative point in the function space, so as to generate a trajectory.
the almost linear system, which describes a "pendulatine”" flow in
h all energy may at some stage be either kinetic or potential, will
ribe a closed trajectory which will be homeomorphic with the
ectories of all other such systems. The much less linear "propagating"
em, on the other hand, will describe an open trajectory which cannot
omeomorphic with the pendulating one. From this point of view,

efore, the differences between the two cases considered reduce to

logical differences between their respective hydronamic trajectories.
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PTTONS

Stability diagram for the iterative operalor for one-

jimensional wave propagation.

Stability diagram for the iterative operator for two-

iimensional wave propagation.

Layout of experimental computations in the base plane

>f the parameter space.

Physical and hodograph characteristics for the quasi-
linear reference system, as used for testing the

iterative operator.

Jomparison of the quasi=linear reference system with
results obtained using the iterative operator over a

range of 200 .secs, prototyre.

differences between computed and reference systems

against the time interval.

Comparison of the quasi-linear reference system with
results obtained using the iterative operator over a

range of 500 secs, vrototype.

Jomparison of the almost linear reference system with
results obtained using the iterative operator over a

range of one cycle (12.5 hours, prototyve).
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